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Oudot in 2015
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4/13 (1/4)Configurations of cyclo-octane

The cyclo-octane molecule C8H16 admits several stable configurations, i.e., several
spatial arrangements of its atoms.

Shawn Martin, Aidan Thompson, Evangelos A Coutsias, and Jean- Paul Watson.
Topology of cyclo-octane energy landscape. The journal of chemical physics, 2010.
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3188624/

crown boat-chair
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The configuration of such a molecule can be represented by 72 variables—the
3D coordinates of each of its 24 atoms—, or equivalently, by a point in R72.
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By analyzing many of these molecules, the authors obtain a point cloud in R72.

The configuration of such a molecule can be represented by 72 variables—the 3D
coordinates of each of its 24 atoms—, or equivalently, by a point in R72.

In this large dimensional space, it turns out that the point cloud lies on an
object of much smaller dimension, namely, the union of a sphere and a Klein
bottle, intersecting in two rings. These two components correspond to
distinct spatial arrangements of the molecule: crown conformation in the
sphere, and boat-chair conformation in the Klein bottle. The behavior of
molecules lying in the intersection is still an open question.
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molecules lying in the intersection is still an open question.

The points lie on the
union of a sphere and a
Klein bottle
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From a large collection of natural images, the authors extract 3× 3 patches.

Gunnar Carlsson, Tigran Ishkhanov, Vin De Silva, and Afra Zomorodian. On the local
behavior of spaces of natural images. International journal of computer vision, 2008.
https://www.researchgate.net/publication/220659347OntheLocalBehaviorof

SpacesofNaturalImages
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Since it consists of 9 pixels, each of these patches can be seen as point in R9, and the
whole set as a point cloud in R9.



5/13 (3/3)Natural images

From a large collection of natural images, the authors extract 3× 3 patches.
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Since it consists of 9 pixels, each of these patches can be seen as point in R9, and the
whole set as a point cloud in R9.

It appears that this dataset concentrates near an object that
has the homology of a Klein bottle. In a second step, the
authors show that a significant part of the points (60%) are well
approximated by an embedding of the Klein bottle in R9.

this dataset concentrates
near a Klein bottle



6/13 (1/4)Breast cancer

Monica Nicolau, Arnold J Levine, and Gunnar Carlsson. Topology based data analysis
identifies a subgroup of breast cancers with a unique mutational profile and excellent
survival. Proceedings of the National Academy of Sciences, 2011.
https://www.pnas.org/content/108/17/7265

Tissues of patients infected with breast cancer has been analyzed, resulting in 262
genomic variables per patients.

(x1, x2, ..., x262)
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Tissues of patients infected with breast cancer has been analyzed, resulting in 262
genomic variables per patients.

Gathering these data yields a point cloud in R262.

(x1, x2, ..., x262)

In a different context from the two
previous examples, the analysis here
consists in reducing the dimension of
the dataset, while not changing its
topology too much. More precisely,
one is looking for its 1-dimensional
structure, known as the Reeb graph.
This is performed in practice with the
so-called MAPPER algorithm [?]
Taking advantage of this structure,
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identifies a subgroup of breast cancers with a unique mutational profile and excellent
survival. Proceedings of the National Academy of Sciences, 2011.
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Tissues of patients infected with breast cancer has been analyzed, resulting in 262
genomic variables per patients.

Gathering these data yields a point cloud in R262.

(x1, x2, ..., x262)

In a different context from the two
previous examples, the analysis here
consists in reducing the dimension of
the dataset, while not changing its
topology too much. More precisely,
one is looking for its 1-dimensional
structure, known as the Reeb graph.
This is performed in practice with the
so-called MAPPER algorithm [?]
Taking advantage of this structure,

The result is a graph composed
of three distinct branches. Designation of new type of breast

cancer (c-MYB+) — 100%
survival, and no metastasis.
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8/13Reminder of yesterday

Let M⊂ Rn be a bounded subset.
Suppose that we are given a finite sample X ⊂M.

Estimate the homology groups of M from X.

Definition: For every t ≥ 0, the t-thickening of the set X, denoted Xt, is the set of
points of the ambient space with distance at most t from X:

Xt =
⋃
x∈X

B (x, t) .

Definition: The Čech complex of X at time t is the nerve of the cover

Vt =
{
B (x, t) , x ∈ X

}
.

Definition: The Rips complex of X at time t is the clique complex of the graph Gt

defined as: its vertex set is {1, . . . , N}, and its edges are the pairs (i, j) such that
‖xi − xj‖ ≤ 2t.



9/13Betti numbers

We can compute the Betti numbers for each value of t:

X0.05 X0.2 X0.3

β0 = 30

β1 = 0

β0 = 1

β1 = 0

β0 = 1

β1 = 1
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Definition: Let X ⊂ Rn and i ≥ 0. The ith Betti curve of X is the map

βi(t) : R+ −→ N
t 7−→ βi(X

t)

In our context, this will be

βi(t) : R+ −→ N
t 7−→ βi

(
Ripst(X)

)

Exercise: For i = 0, show that t 7→ β0(t) is non-increasing.
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12/13Link of the notebook

https://github.com/raphaeltinarrage/EMAp/blob/main

/Tutorial2.ipynb
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Conclusion

We tried to find topology in datasets.

We studied it via the Betti curves.

We are ready for Persistent Homology :)

Homework: não
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Merci !


